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We generalize certain aspects of Hestenes’s approach to Dirac theory to obtain multivec-
tor Dirac equations associated to a large class of representations of the gamma matrices.
This is done by replacing the usual even/odd decomposition of the space-time algebra
with more generalZ2-gradings. Some examples are given and the chiral case, which is
not addressed by the usual approach, is considered in detail. A Lagrangian formulation
is briefly discussed. A relationship between this work and certain quaternionic models
of the (usual) quantum mechanics is obtained. Finally, we discuss under what conditions
the Hestenes’s form can be recovered and we suggest a geometrical interpretation for
the corresponding situation.
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1. INTRODUCTION

As soon as Dirac proposed the equation bearing his name, alternative multi-
vector formulations of it have been proposed with either physical or mathematical
motivations. As examples, one can mention the works of Ivanenko Fock, Landav,
Proca, Eddington, Sch¨onberg, Kähler, and Hestenes. In general, these approaches
seek a better understanding of the geometric foundations underlying both the Dirac
theory and the concept of spinor fields, besides new applications. For example, in
the context of the Dirac–K¨ahler equation, spinor fields are represented by differen-
tial forms. Then, the well-known duality between these objects and elements from
algebraic topology leads to a straightforward lattice approximation for fermion
fields (Becher and Joos, 1982; Rabin, 1982).
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On the other hand, in the Hestenes approach, extensive use of the space-
time algebra (the real Clifford algebra of space-timeCl 1,3(R)) is made to give
spinors a geometrical interpretation. In this context, the spinor9 is an element
of the usual even partCl+1,3(R) of that algebra (see later), and this leads to an
elegant canonical decomposition for9, which generalizes the polar decompo-
sition of complex numbers. Also, the spinor acquires operatorial attributes: its
action on the basis multivectorseµ1···µk of the observer’s reference frame{eµ}
yields the observables of the theory. For instance, the current densityj = j µeµ
and the magnetization densityM = 1

2 Mµνeµν are given byj = 9e09̃ andM =
e

2m9e219̃ (with h = c = 1), where (·)˜ is the reversion operation (see later). More-
over,9 belongs to the same algebra as the observables of the theory, i.e., the
Clifford algebra unifies, in a certain sense, the concepts of state and operator.
The corresponding multivector Dirac equation obtained in this context is the so-
called Dirac–Hestenes equation (Hestenes, 1967, 1995):∂9e21 = m9e0, where
∂ = eµ∂µ. Besides providing an elegant formulation of Dirac theory, such an ap-
proach leads to some computational advantages (Gullet al., 1996). Nevertheless,
it is our opinion that it has not been fully explored, as we intend to show in the
following.

As we review in the next section, the Hestenes’s formulation can be obtained
from the usual one by using a particular isomorphismρst : Cl 1,3(C)→M(4,C),
whereM(4,C) is the algebra of 4× 4 complex matrices. Given a reference frame
{eµ} (which corresponds to an observer) in Minkowski spaceM, such isomorphism
is given byρst(eµ) = γ st

µ , where{γ st
µ } are the gamma matrices in the standard

representation. As it is well known, the Dirac–Hestenes equation is independent
of {eµ}, for another choice{e′µ}must be related to the old one bye′µ = UeµŨ , with
U ∈ Spin+(1, 3), giving∂9 ′e′21 = m9 ′e′0, where9 ′ = 9Ũ (Hestenes, 1995). On
the other hand, in the usual matrix formulation of the Dirac theory, we have a
complete freedom of choice for the representation in which the gamma matrices
are. As the underlying algebra is simple, it turns out that all such choices are
given by an internal transformation of the formSγ st

µ S−1, whereS is an arbitrary
invertible matrix. Restricting ourselves to transformations whereS is unitary, we
have (Messiah, 1961)

γ st
µ 7→ γµ = Sγ st

µ S−1,
(1)

|ψ〉 7→ S|ψ〉.
By varying S we have the standard, chiral, Majorana, or any other representa-
tion. Let us fix a reference frame{eµ} corresponding to a given observer. Also,
let us associate to each such{γµ} a new isomorphismρ : Cl 1,3(C)→M(4,C),
defined by

ρ(eµ) := γµ.
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We can easily transfer the arbitrariness in{γµ} to an arbitrariness in the choice of
theONS {eµ} (see sec. 1.1): by definingS := ρ−1

st (S) ∈ Cl 1,3(C), we haveρ(eµ) =
γµ = Sγ st

µ S−1 = Sρst(eµ)S−1 = ρst(SeµS−1) = ρst(e′µ). Thus, to see the effect of
an arbitrary{γµ}, we can alternatively fix the representationρ and vary theONS

{eµ} by eµ→ SeµS−1, with S∈ Cl 1,3(C). The unitarity ofS has the following
counterpart inS. Let us induce a (ρ-dependent) Hermitian conjugation inCl 1,3(C)
by S† = ρ−1(S†) = ρ−1(ρ(S)†). ThenS−1 = S† ⇔ S−1 = S†.

Note that the Hestenes’s formulation isnot invariantunder the above trans-
formation foreµ, i.e. under6

eµ 7→ e′µ = SeµS−1,
(2)

9 7→ 9 ′ = 9S−1.

Indeed, for arbitraryS, 9 ′ no longer belongs to the even part of the algebra and,
for S 6∈ Spin+(1, 3),e′µ is not even a 1-vector. Hence, we see that this “difficulty”
arises because we are restricted to a fixedZ-grading of the underlying vector space
structure ofCl 1,3(R) = ⊕k3k(R1,3), the one in which the tangent vectors of space-
time are elements of31(R1,3) ⊆ Cl 1,3(R). This is certainly the most natural choice
but not the unique one, as it has already been remarked by Fauser (2001), “One
knows that differentZn-gradings can produce quite different spinor modules. This
fact renders the unquestioned multivector structure as a peculiar one. A careful
study of the representation theory and their dependence on gradings in such cases
is required.”

In the following, we circumvent this difficulty by allowing more general
Z2-gradingsCl 0⊕ Cl 1 to the space-time algebra, i.e., by generalizing its usual
decomposition in terms of even/odd parts. Then, the spinor space is given by
the generalized even partCl 0, of Cl 1,3(R), which can be isomorphic to either
M(2,C) orH⊕H (as algebras). As a result, we obtain multivector Dirac equations
corresponding to a large class of representations of the gamma matrices. We work
out the standard, Majorana, and chiral cases, giving special attention to the last one.
In this context, a neat characterization for chirality in terms of the even/odd parts of
the new spinor space is given. A Lagrangian formulation is also briefly discussed.

6 Although we havetransferredan arbitrariness inM(4,C) to an arbitrariness inCl 1,3(C), we stress
that the transformations (1) and (2) are not the counterparts of each other. In fact, every operation
acting on the left side of|ψ〉 in the matrix case has the well-defined analogue in the operatorial
approach:

|ψ〉 → γ st
µ |ψ〉 7→ 9 → eµ9e0,

|ψ〉 → i |ψ〉 7→ 9 → 9e21, i = √−1.

On the other hand, the transformation9 → 9S−1, with Sacting from the right, has no analogue in
the matrix case. This kind of transformations has already been considered by a number of authors
(Chisholm and Farwell, 1999; Hestenes, 1982), although in different contexts.
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As a by-product, we show that Rotelli’s quaternionic formulation of the
(usual) quantum mechanics (Rotelli, 1989) can be derived from our approach. This
is done by giving a natural derivation for the complex projection of his scalar prod-
uct.7 Also, we show that the multivector Dirac equations discussed here provide
a natural way to obtain gamma matrix representations in terms of the enhanced
H-general linear groupGL(2,H) ·H∗ (Harvey, 1990), which comprises matrix
multiplication from the left and scalar multiplication from the right, as in de Leo
(2001).

We stress that the alternativeZ2-gradings discussed earlier are defined without
disturbing the aforementioned multivector structure⊕k3k(R1,3) of Cl 1,3(R). In
other words, one can still interpret elements of30 as scalars, elements of31 as
tangent vectors of space-time, and so on. On the other hand, the usual Hestenes’s
form of the Dirac equation can be recovered if we allow arbitraryZ-gradings for the
underlying vector space structure ofCl 1,3(R) (i.e. arbitrary multivector structures),
as we show in Section 3. Such alternative gradings have already been considered in
the literature, although in a different context (see Fauser and Ablamowicz (2000)
for an excellent discussion on this issue). In our case, we argue that this situation
can be interpreted as if different representations{γµ} determine different slices
of the space-time algebraCl 1,3(R), each of them corresponding to a copy of the
Minkowski spaceM. This points to a connection between the present work and
Pezzaglia’s polydimensional physics program (Pezzaglia, 1999). Finally, in the
Appendix, we elaborate on the spinor maps used in the main text.

In the process of writing this paper, we became aware that the construction
of the spinor spaceCl 0 employed by us is reminiscent of a general method of
representation of Clifford algebras introduced by Dimakis (1989). In that paper,
the author introduces representations of arbitrary Clifford algebras on subspaces
obtained by successiveZ2-gradings of the original algebra. As a result, these
subspaces are always real Clifford algebras by themselves. ForCl 1,3(R), the spinor
spaces obtained by Dimakis are the same as ours, butthis is not the general rule.
In fact, our approach leads to more general spinor spaces, which can be classified
(Mosnaet al., in preparation) by

Cl 0
∼= Cl p0,q0 ⊗ Cl+p−p0,q−q0

,

wherep0(q0) is the number of independent even8 1-vectors squaring to+1 (−1)
(note that forp0 = q0 = 0, this expression reduces toCl 0 = Cl+p,q(R), as expected).
As an example, for the Clifford algebraCl 3,0(R), which is related to Pauli theory

7 It is important to note that such a quaternionic formulation (Rotelli, 1989) (see also de Leo, 2001)
bears no relation to the much more general program due to Finkelsteinet al. (1962), Emch (1963),
and Adler (1995), where a truly quaternionic valued scalar product is used instead of a complex
valued one. It is not a surprise then that the quaternionic formulation we refer to in the main text can
be actually derived instead of being postulated.

8 Of course, in this context even means belonging toCl 0.
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in the same way asCl 1,3(R) is related to Dirac theory, our method leads to spinor
spaces isomorphic toH,M(2,R), andC⊕ C. AsC⊕ C is not a real Clifford alge-
bra, this case is not given by Dimakis’s method. Anyway, the subject of the present
paper is different from Dimakis (1989), as we are mainly interested in the general
multivector Dirac equations outlined earlier, as well as in their consequences. A
more abstract discussion on alternativeZ2-gradings of Clifford algebras (as well
as some applications) will be considered in a separate paper (Mosnaet al., in
preperation).

1.1. Algebraic Preliminaries and Notation

We start by establishing some notation. We say that a vector spaceV is
graded by an Abelian groupG if V is expressible as a direct sumV = ⊕i Vi of
subspaces labelled by elementsi ∈ G (Benn and Tucker, 1987). Here we consider
only the cases whenG is given byZ or Z2. In this case, the elements ofVi are
called homogeneous of degreei and we define deg(v) = i if v ∈ Vi . We say that
an algebraA is graded byG if (a) the subjacent vector space ofA is aG-graded
vector space and (b) the algebra product satisfies deg(ab) = deg(a)+ deg(b).

As usual, letRp,q be the model of ann-dimensional real vector space endowed
with a nondegenerate symmetric metricg of signature (p, q), wheren = p+ q.
The Grassmann algebra overRp,q will be denoted by3(Rp,q) = ⊕n

k=03k(Rp,q).
We note that3(Rp,q) is an example of aZ-graded algebra (under the exterior
product∧). We denote the projection of a multivectora = a0+ a1+ · · · + an,
with ak ∈ 3k(Rp,q), on its p-vector part by〈a〉p := ap. The parity operator (·)̂
is defined as the algebra automorphism generated by the expression ˆv = −v on
vectorsv ∈ Rp,q. The reversion (·)∼ is the algebra anti-automorphism generated
by the expression ˜v = v on vectorsv ∈ Rp,q. It follows that â = (−1)ka and
ã = (−1)[k/2]a if a ∈ 3k(Rp,q), where [m] denotes the integer part ofm. Givena =
u1 ∧ · · · ∧ uk andb = v1 ∧ · · · ∧ v1 with ui , v j ∈ Rp,q, the expressionsg(a, b) =
det(g(ui , v j )), if k = l , andg(a, b) = 0, if k 6= l , extendg to3(Rp,q). Also, the
left contractiony on the Grassmann algebra is defined byg(ayb, c) = g(b, ã ∧ c)
for a, b, c ∈ ∧(Rp,q).

The Clifford product between a vectorv ∈ Rp,q and a multivectora in3(Rp,q)
is given byva= v ∧ a+ vya. This is extended by linearity and associativity to all
of 3(Rp,q). The resulting algebra is the so-called Clifford algebraCl p,q(R). Note
thatCl p,q(R) is aZ-graded vector space (for it is linear isomorphic to3(Rp,q)),
but it is not aZ-graded algebra as, for example, the Clifford product between two
1-vectors is a sum of elements of degrees 0 and 2. Nevertheless, there are (infinite)
Z2-gradings which are compatible with the Clifford product structure. For instance,
the usualZ2-grading ofCl p,q(R) is given byCl+p,q(R)⊕ Cl−p,q(R) whereCl+p,q(R) =
⊕k even3k(Rp,q) andCl−p,q(R) = ⊕k odd3k(Rp,q). We denote the complexification
of Cl p,q(R) by Cl p,q(C) = Cl p,q(R)⊗ C (of course, all theCl p,q(C) with fixed
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p+ q are isomorphic as complex algebras). The parity operator and the reversion
extend naturally to the complexified case. The complex conjugation inCl p,q(C)
will be denoted by (·)∗.

In terms of the Clifford product, we haveg(a, b) = 〈ãb〉0, for a, b arbitrary
multivectors inCl p,q(R). For1-vectors, this reduces to 2g(x, y) = xy+ yx, x, y ∈
Rp,q, but this expression does not hold for arbitrary multivectors (except for particu-
lar cases). Given an orthonormal basis{ei }ofRp,q, we have of courseei ej + ej ei =
2gi j , wheregi j = g(ei , ej ). When a subset{Ei } of Cl p,q(R), not necessarily com-
posed of vectorsin Rp,q, satisfy the analogous propertyEi Ej + Ej Ei = 2gi j , we
say that{Ei } is anONS (for orthonormal set). As we discussed earlier, in this case
the expressionEi Ej + Ej Ei does not necessarily represent the scalar product
g(Ei , Ej ) betweenEi andEj (see also Section 3). Ifc is an invertible element of
Cl p,q(R), the definitionEi = cei c−1 gives an example of anONS.

2. MULTIVECTOR DIRAC EQUATIONS

Let us review one particular way in which Hestenes’s approach to Dirac
theory emerges from the matricial one. We will only consider a free particle (the
introduction of a vector potential can be done by introducing the usual covariant
derivative∂µ 7→ ∂µ + ieAµ). In this case, the Dirac equation in its traditional form
(Bjorken and Drell, 1964) is given by

i γ µ∂µ|ψ〉 = m|ψ〉. (3)

Here,|ψ〉 = (ψ1ψ2ψ3ψ4)t denotes a column vector inC4 and {γµ} is a set of
gamma matrices in some representation. These column spinors can be included in
M(4,C) (4× 4 complex matrices) by considering, for instance

|ψ〉 =


ψ1 0 0 0
ψ2 0 0 0
ψ3 0 0 0
ψ4 0 0 0

 = |ψ〉P, whereP =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

, (4)

(of course, we could have chosen any column for such inclusion). Therefore,|ψ〉
can be assumed to live in the minimal left idealM(4,C)P.

As it is well known,M(4,C) is (noncanonically) isomorphic toCl 1,3(C),
the complexified Clifford algebra of the space-time. Letρ : Cl 1,3(C)→M(4,C)
be such an arbitrary but fixed isomorphism. ThenP := ρ−1(P) is a primitive
idempotent and the corresponding minimal left idealCl 1,3(C)P can be considered
as the space of spinors. Elements belonging to this ideal are calledalgebraic
spinors. Note that westarted from a representationρ of Cl 1,3(C) and then we
calculated P= ρ−1(P), which in turn determined the space of algebraic spinors
Cl 1,3(C)P. In the next subsection we specialize to the Hestenes’s choice forρ and
after that we generalize it.
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In the following, let{eµ} be an arbitrary but fixed reference frame correspond-
ing to a given observer. In other words, we are considering the physics from the
viewpoint of an arbitrary but fixed observer.

2.1. The Dirac–Hestenes Equation

The Hestenes’s choice forρ, which we denote byρst, is given by9

ρst(eµ) = γ st
µ , (5)

whereγ st
µ are the Dirac matrices in thestandard representation(Itzykson and

Zuber, 1980):

ρst(e0) = γ st
0 =

(
I 0
0 −I

)
, ρst(ek) = γ st

k =
(

0 −σk

σk 0

)
, k = 1, 2, 3,

(6)

(σk are the Pauli matrices). It follows thatP = Pst = 1
2(1+ e0) 1

2(1+ ie12). By
using the fact thatiPst = Pste21, Hestenes then eliminates the need for complex
numbers in the Dirac equation, which can now be written in a minimal left ideal
in Cl 1,3(R) (real algebra):

γ µ∂µ8e21 = m8, 8 ∈ Cl 1,3(R)
1

2
(1+ e0).

Separation of this equation in its even and odd parts with respect to the main
involution (·)̂ leads directly to the Dirac–Hestenes equation:

∂9e21 = m9e0, 9 ∈ Cl+1,3(R). (7)

where∂ = eµ∂µ. As we have already said in the Introduction, the spinor9 has
operatorial attributes, acting on the multivectorseµ1 ···µk to yield the observables
of the theory. For that reason, we say that9 is anoperator spinor. Also, there is
a canonical decomposition for9 in the form

9 = √%e
β

2 e0123R,

where% andβ are real numbers andR is an element ofSpin+(1, 3), the double
cover of the restricted Lorentz transformations. For example,9 acts one0 as a
Lorentz transformation together with a probability density (Hestenes, 1995) to
yield the physical currentj = 9e09̃ = %Re0 R̃. The parameterβ only gives a
nontrivial effect when9 acts on an even multivector.

9 A more precise notation forρ would have to mention the frame{eµ}, asρ is observer dependent
(see remark at the end of the previous section).



P1: GRA

International Journal of Theoretical Physics [ijtp] pp620-ijtp-452095 October 28, 2002 14:13 Style file version May 30th, 2002

1658 Mosna, Miralles, and Vaz

2.2. Generalizing Hestenes’s Approach

The Hestenes’s approach makes direct use of the standard representation of
the gamma matrices. Let us now derive operatorial versions of the Dirac equation
corresponding to a larger class of representations. We detail the calculations for the
sake of completeness and clarity, but we stress that we are just following the steps
of Lounesto (1996), with the introduction of appropriate modifications coming
from this more general setting.

An arbitrary representation{γµ} for the gamma matrices is related to the
standard one by an internal transformation of the formγµ = Sγ st

µ S−1. With unitary
matrices, we have the corresponding transformation|ψ〉 7→ S|ψ〉 for the column
spinors. Let us associate to each such{γµ} a new isomorphismρ : Cl 1,3(C) 7→
M(4,C), defined by (cf (5))

ρ(eµ) := γµ.
As we advanced in the Introduction, we can transfer the arbitrariness in the choice
of {γµ} to an arbitrariness in the choice of theONS {eµ}: definingS := ρ−1

st (S) ∈
Cl 1,3(C), we haveρ(eµ) = γµ = ρst(e′µ), wheree′µ = SeµS−1. Thus, the effect of
an arbitrary{γµ} is emulated by varying theONS {eµ} by eµ→ SeµS−1, with
S∈ Cl 1,3(C). By definingadS : Cl 1,3(C)→ Cl 1,3(C), adS(a) = SaS−1, we have
then

ρ = ρst ◦ adS. (8)

Let us now applyρ−1 to (3) with |ψ〉 in the form (4). We then have

ieµ∂
µψ = mψ, (9)

whereψ = ρ−1(|ψ〉). Remember from (4) that|ψ〉 = |ψ〉P and thusψ = ψP,
with P = ρ−1(P). Hence,ψ is an algebraic spinor belonging to the minimal left
ideal determined by this newP. It follows from (8) thatP = S−1PstS= 1

2(1+
u) 1

2(1+ iσ ), whereu = S−1e0Sandσ = S−1e12Sare commuting elements such
thatu2 = 1 andσ 2 = −1. In general,u andσ don’t have to be real but, to the best
of our knowledge, every set of gamma matrices considered in physics satisfies this
condition.10

So, for the sake of simplicity, we assume that the idempotentP = ρ−1(P)
can always be written as

P = 1

2
(1+ u)

1

2
(1+ iσ ), (10)

whereu andσ are real commuting elements such thatu2 = 1, σ 2 = −1.

10Of course, this does not mean that the matrixS in (1) is real. Indeed,ρst :Cl 1,3(C) = C⊗ Cl 1,3(R)→
M(4,C) is such thatρst(i ⊗ a) = iρst(1⊗ a) for a ∈ Cl 1,3(R), butρst(1⊗ a) is not necessarily a
real matrix (as it is the case ofe2 andγ st

2 , for instance).
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Let us define four mutually annihilating idempotents (note thatP1 = P):

P1 = 1

2
(1+ u)

1

2
(1+ iσ ), P2 = 1

2
(1+ u)

1

2
(1− iσ ),

(11)

P3 = 1

2
(1− u)

1

2
(1+ iσ ), P4 = 1

2
(1− u)

1

2
(1− iσ ).

As iP = −Pσ , we have from (9)

∂ψσ +mψ = 0. (12)

Then, because of the fact thateµ, u, andσ are real, we haveψ = ψP1⇒ ψ∗ =
ψ∗P2⇒Re(ψ) 1

2(1+ u) = Re(ψ). Thus, the real part ofψ belongs to the minimal
left idealCl 1,3(R) 1

2(1+ u) in Cl 1,3(R), i.e., it is an algebraic spinor inCl 1,3(R) (real
algebra). Following Lounesto, we define the mother spinor8 = 4 Re(ψ). Taking
the real part of (12),

∂8σ +m8 = 0, 8 ∈ Cl 1,3(R)
1

2
(1+ u). (13)

This is the Dirac equation written in terms of real algebraic spinors inCl 1,3(R).
Following Hestenes’s approach, we now obtain an operatorial version of the above
equation, but without restricting ourselves to his particular choice of{γµ} (or,
equivalently, ofP).

In Subsection 2.1, the passage from algebraic spinors to operator spinors
was made by taking the usual even/oddZ2-gradingCl 1,3(R) = Cl+1,3⊕ Cl−1,3 of
Cl 1,3(R) and then projecting the analogue of (13) inCl+1,3(R). This was easily done
as the analogue ofu (i.e. e0) was odd and the analogue ofσ (i.e. e12) was even.
Nevertheless, these conditions no longer hold in the more general setting of this
subsection. For instance, in Example 2 below (which is related to the Majorana
representation), we haveu = e20, which isevenwith respect toCl+1,3⊕ Cl−1,3.

So, to consider the spinor as an operatorial object, we will define a convenient
Z2-gradingCl 1,3(R) = Cl 0⊕ Cl 1 such thatu is oddandσ is evenwith respect to
this grading. More precisely, we demand that the subspacesCl 0 andCl 1 are such
that

Cl 0Cl 0 ⊆ Cl 0, Cl 0Cl 1 ⊆ Cl 1, Cl 1Cl 0 ⊆ Cl 1, Cl 1Cl 1 ⊆ Cl 0,

and

u ∈ Cl 1, σ ∈ Cl 0.
11

Note thatCl 0 is then a subalgebra ofCl 1,3(R).

11As P = 1
2(1+ u) 1

2(1+ iσ ) = 1
2(1+ u) 1

2(1+ iuσ ), we can redefineσ asσ ′ = uσ . Asσ ′ ∈ Cl 0⇔
σ ∈ Cl 1, we see that the essential assumption aboutσ is that it has definite parity (with respect to
Cl 0 ⊕ Cl 1). As a matter of fact, even this assumption can be weakened at the expenses of simplicity.
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To eachZ2-gradingCl 1,3(R) = Cl 0⊕ Cl 1 there is a corresponding grading au-
tomorphismα such thatCl i = {a ∈ Cl 1,3(R) : α(a) = (−1)i a}, i = 0, 1. We define
projectionsπi : Cl 1,3(R)→ Cl i by πi (a) = a+(−1)i α(a)

2 , i = 0, 1. Note thatα is re-
lated toCl 0⊕ Cl 1 in exactly the same way as (·)̂ is related toCl+1,3(R)⊕ Cl−1,3(R)
(see Introduction for notation).

We refer toCl 0 andCl 1 as theα-evenandα-oddparts ofCl 1,3(R). In general,
Cl 0 andCl 1 are of course different from the usual even (Cl+1,3(R)) and odd (Cl−1,3(R))
parts ofCl 1,3(R). Or, in other words, in general we haveα different from (·)̂ .

Now it is possible to obtain an operatorial version of (13) by a standard
procedure. Because of the fact that8 = 8 1+u

2 andu ∈ Cl 1, it follows that8 = 8u
andπ1(8) = π0(8)u. Separating (13) inα-even andα-odd parts, we have

π0(∂)9uσ + π1(∂)9σ +m9u = 0,

where

9 = π0(8) = π0(4Re(ψ)). (14)

By defining a “projected” Dirac operator̆∂ acting onCl 0 by ∂̆(·) = π0(∂)(·)u+
π1(∂)(·), the above equation simplifies to

∂̆9σ +m9u = 0, 9 ∈ Cl 0. (15)

This is the generalized operatorial version of the Dirac equation we were
looking for.

Example 1(Standard Representation). Starting with the gamma matrices in the
standard representation{γ st

µ }, onecalculates P= Pst = 1
2(1+ e0) 1

2(1+ ie12), giv-
ing u = e0 andσ = e12. We see thate0(e12) is already odd (even) in the usual
Z2-grading ofCl 1,3(R), so we can takeCl 0 = Cl+1,3(R) andCl 1 = Cl−1,3(R). Also,
∂̆ = ∂. Then, (15) leads to

∂9e12+m9e0 = 0, 9 ∈ Cl+1,3(R),

which is the Dirac–Hestenes equation, as expected.

Example 2(Majorana Representation). If we start with the gamma matrices in
the Majorana representation (Itzykson and Zuber, 1980):

γ
mj
0 =

(
0 σ2

σ2 0

)
, γ

mj
1 =

(−iσ3 0
0 −iσ3

)
, γ

mj
2 =

(
0 σ2

−σ2 0

)
,

γ
mj
3 =

(
iσ1 0
0 iσ1

)
,

a direct calculation yieldsP = Pmj = 1
2(1+ e20) 1

2(1+ ie1), i.e.,u = e20 andσ =
e1. The next step is to define aZ2-grading such thate20 is α-odd ande1 is α-even.
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There are plenty of them, but a convenient choice is given by

Cl 0 Cl 1

0-vectors 1
1-vectors e1, e2, e3 e0

2-vectors e12, e23, e31 e10, e20, e30

3-vectors e123 e012, e023, e031

4-vectors e0123

where the columns give basis for the vector spacesCl 0 andCl 1.12 Note thatCl 0
∼=

Cl 0,3 and thus

Cl 0
∼= H⊕H (as real algebras).

Hence, this algebra isnot isomorphicto the one in the Hestenes’s case, which was
given byCl+1,3(R) ∼= Cl 3,0(R) ∼=M(2,C) ∼= Pauli algebra.

It is important to note that not all vectorseµ areα-odd in thisZ2-grading. As
π0(∂) = ek∂

k andπ1(∂) = e0∂
0, we have∂̆(·) = ek∂

k(·)e20+ e0∂
0(·). From (15),

the Dirac equation in this case is therefore

e0∂
09 + ek∂

k9e20 = m9e20e1, 9 ∈ Cl 0.

After right-multiplying bye0 and noting thate09 e0 = 9̂, we finally have

∂09̂ + ek∂
k9e2 = m9e12, 9 ∈ Cl 0 = Cl 0,3

∼= H⊕H.

Example 3(Chiral Representation). We now consider the chiral representation
ρch(eµ) = γ ch

µ , where (Itzykson and Zuber, 1980):

ρch(e0) = γ ch
0 =

(
0 −I
−I 0

)
, ρch(ek) = γ ch

k =
(

0 −σk

σk 0

)
, k = 1, 2, 3.

A straightforward calculation then givesP = Pch = 1
2(1+ e30) 1

2(1+ ie12), i.e.,
u = e30 andσ = e12.

Before we derive the operatorial version of the Dirac equation for this case,
let us consider the chirality operator in this context. Remember that the chirality
operator acting on column spinors is given by Bjorken and Drell (1964)ch[|ψ〉] =
γ5|ψ〉 = −i γ0123|ψ〉. By applyingρ−1, we have the corresponding expression for

12An analytic expression for the corresponding automorphism grading is, for instance,α(η) =
e123ηe123.
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algebraic spinors:ch[ψ ] = ie0123ψ = e0123ψσ = e0123ψuσ , for ψ = ψu. Thus
ch[ψ ] = e0123ψe30e12 = −e0123ψe0123= ψ̂ . After applying the isomorphism (14)
between algebraic and operator spinors (which is the isomorphismι discussed in
the Appendix), we havech[9] = 4π0(Re(ψ̂)), which is simply 4π0(Re(ψ))̂ =
9̂ provided that the grading automorphisms ˆ andα commute. As theeµ’s have
definite -̂parity and generateCl 1,3(R), this condition holds if and only if eacheµ
has definiteα-parity (of course, some of theeµ’s can beα-odd and some of them
α-even). Thus, this condition is extremely easy to be fulfilled.

A convenient choice for theZ2-grading here is given by

Cl 0 Cl 1

0-vectors 1
1-vectors e0 e1, e2, e3

2-vectors e12, e23, e31 e01, e02, e03

3-vectors e012, e023, e031 e123

4-vectors e0123

(16)

Note thatu = e30 is α-odd,σ = e12 is α-even, and all of theeµ’s have definite
α-parity. As discussed earlier, we then have

ch[9] = 9̂, (17)

giving a particularly simple form for the chirality operator.
We now further decomposeCl 0 in its usual (∧ -) even and (∧ -) odd parts

Cl±0 := Cl 0 ∩ Cl±1,3. It follows from (17) that

Cl+0 = [space of right handed spinors],

Cl−0 = [space of left handed spinors],

which gives a neat characterization of chirality for operator spinors.
Returning to the Dirac equation and proceeding as in Example 2, we obtain

e0∂
09e30+ ek∂

k9 = −m9e30e21, 9 ∈ Cl 0.

After a little algebra, this gives

−∂09e12+ (e23∂
1+ e31∂

2+ e12∂
3)9̂ = me09, 9 ∈ Cl 0, (18)

where we used the fact thate0 commutes withCl 0. This is the operatorial version
of the Dirac equation for this case. In the following section, we explore the above
expression further.
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2.3. Quaternionic Representations of the Gamma Matrices

The above form of the Dirac equation gives a natural way to obtain rep-
resentations of the gamma matrices in terms of the enhancedH-general linear
groupGL(2,H) ·H∗ (Harvey, 1990), which comprises both a quaternionic matrix
multiplication from the left and a quaternionic scalar multiplication from the right.

2.3.1. Chiral-Like Representation

Let us project (18) inCl±0 ,

−∂09+e12+ (e23∂
1+ e31∂

2+ e12∂
3)9+ = me09− in Cl+0 ,

−∂09−e12− (e23∂
1+ e31∂

2+ e12∂
3)9− = me09+ in Cl−0 .

After right-multiplying the second equation bye0 and definingχ := 9+, η :=
9−e0 (note thatχ , η ∈ Cl+0 ), we have

−∂0χe12+ (e23∂
1+ e31∂

2+ e12∂
3)χ = mη,

−∂0ηe12− (e23∂
1+ e31∂

2+ e12∂
3)η = mχ ,

which are equations withinCl+0 = spanR{1, e12, e23, e31}. This algebra is isomor-
phic toH through 17→ 1, e23 7→ i , e31 7→ j , e12 7→ k, wherei , j , andk denote
the imaginary quaternionic units. To simplify the notation, let i1 = i , i2 = j , and
i3 = k and letχ andη be (by abuse of notation) the quaternions corresponding to
χ andη by the above map. Then

−∂0χk+ il ∂
lχ = mη,

−∂0ηk− il ∂
lη = mχ ,

(note that these equations decouple in the limitm→ 0, as expected). In terms of(
χ

η

) ∈ H2,

−∂0

(
χ

η

)
k+ ∂ l

(
il 0
0 −il

)(
χ

η

)
= m

(
0 1
1 0

)(
χ

η

)
.

In the Appendix, we discuss in detail the relationship among the different def-
initions of spinors considered here, and we obtain expressions for the momentum
operator and scalar product in terms of operator spinors. From (24) andσ = e12, it
follows that the momentum operator acting on

(
χ

η

)
is given bypµ[

(
χ

η

)
] = −∂µ

(
χ

η

)
k.

So, the above equation can be written as

p0

(
0 1
1 0

)(
χ

η

)
+ pl

(
0 −il
il 0

)(
χ

η

)
k = m

(
χ

η

)
.



P1: GRA

International Journal of Theoretical Physics [ijtp] pp620-ijtp-452095 October 28, 2002 14:13 Style file version May 30th, 2002

1664 Mosna, Miralles, and Vaz

Let us defineγµ :H2→ H2 by

γ0

(
χ

η

)
=
(

0 1
1 0

)(
χ

η

)
, γ l

(
χ

η

)
=
(

0 −il
il 0

)(
χ

η

)
k, (19)

wherel = 1, 2, 3. Note that

(i) γ1 comprises both a matrix multiplication from the left and a scalar
multiplication from the right, i.e.,γ l ∈ GL(2,H) ·H∗, l = 1, 2, 3;

(ii) γµγν +γνγµ= 2gµν , where the productγµγν is given by composition;
(iii) [ γµ, pν ] = 0, forγµ commutes with right multiplication byk; and
(iv) bothpµ andγ0 are Hermitian operators (see below the expression of the

scalar product).

After substitutingγµ in the above equation, we find

γµpµ
(
χ

η

)
= m

(
χ

η

)
,

which is the Dirac equation inH2 with aGL(2,H) ·H∗-chiral representation (19)
for the gamma matrices. This should be compared with de Leo (2001).

Let us denote quaternionic conjugation by a bar, i.e., givenq = q0+ ql il ,
we haveq̄ = q0− ql il . A straightforward calculation shows that the scalar prod-
uct (25) (see Appendix) between spinors becomes in this formalism:

〈ψ1|ψ2〉 = projC′ (χ̄1χ2+ η̄1η2), (20)

where
(
χi

ηi

)↔ |ψi 〉, i = 1, 2, and projC′ projectsH into its complex subspace
C′ = spanR{1,−k} ⊆ H. In other words,C′ is a complex subspace ofH with
imaginary unit

√−1 given by−k. Note that, if we had chosen to include|ψ〉 in
the fourth column ofM(4,C) (instead of (4)), then we would have

√−1↔ k.
More generally, by redefining the above isomorphism betweenCl+0 andH, we
could identify subspacesC′ ⊆ H with imaginary unit

√−1 corresponding toany
imaginary unit quaternion.

Observe that (20) is the quaternionic scalar product between
(
χ1

η1

)
and

(
χ2

η2

)
projected to a complex subspaceC′ ⊆ H. Therefore, we have just shown that in
this formalism one canderivethe ad hoc complex projection for the scalar product
in Rotelli (1989).

2.3.2. Standard-Like Representation

Another interesting decomposition ofCl 0 can be given by noting that, in this
case,Cl 0 is isomorphic toH⊕H (as real algebras). To see this, let us pick the
mutually annihilating central idempotentsf± = 1

2(1± e0) in Cl 0. Then we have
immediatelyCl 0 = Cl 0 f+ ⊕ Cl 0 f−, where⊕ denotes direct sum of algebras. Each
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factorCl 0 f± is easily seen to be isomorphic toH by the mapCl 0 f± → H, f± 7→
1, e23 f± 7→ i , e31 f± j , e12 f± 7→ k. As the subalgebrasCl 0 f± are orthogonal (i.e.
Cl 0 f±Cl 0 f∓ = 0), it is natural to defineξ : Cl 0→ H⊕H by

ξ ( f+) = (1, 0), ξ (e23 f+) = (i , 0), ξ (e31 f+) = ( j , 0), ξ (e12 f+) = (k, 0),

ξ ( f−) = (0, 1), ξ (e23 f−) = (0, i ), ξ (e31 f−) = (0, j ), ξ (e12 f−) = (0, k).

Or, in terms of the elements in (16),

ξ (1) = (1, 1), ξ (e0) = (1,−1),

ξ (e23) = (i , i ), ξ (e31) = ( j , j ), ξ (e12) = (k, k),

ξ (e023) = (i ,−i ), ξ (e031) = ( j ,− j ), ξ (e012) = (k,−k).

We note in passing that given9 ∈ Cl 0, with ξ (9) = (q1, q2), the reversion ˜and
the∧ -parity are given inH⊕H by ξ (9̂) = (q2, q1) andξ (9̃) = (q̄1, q̄2).

Let us pause to consider the positive/negative energy states. For the sake of
simplicity, let us consider the electron at rest. Then, the energy operator on col-
umn spinors is given byE [|ψ〉] = mγ0|ψ〉. This inducesE [ψ ] = me0ψ on al-
gebraic spinors. By applying the isomorphismι and (23) (see Appendix), we have
E [9] = me09 for operator spinors. This gives usE [(q1, q2)] = mξ (e09) =
m(1,−1)(q1, q2) = (mq1,−mq2) at the level ofH⊕H. Thus, states of the form
(q, 0) and (0,q) can be thought of as positive and negative energy spinors re-
spectively. Therefore, it is not a surprise that a standard-likeGL(2,H) ·H∗-
representation for the gamma matrices can be obtained in this context.

Applying ξ to (18),

−∂0(q1, q2)(k, k)+ (il , il )∂
l (q2, q1) = m(1,−1)(q1, q2).

Or, in terms of
(q1

q2

) ∈ H2,

−∂0

(
q1

q2

)
k+ ∂ l

(
0 il
il 0

)(
χ

η

)
= m

(
1 0
0 −1

)(
q1

q2

)
.

We have againpµ
[(q1

q2

)] = −∂µ(q1

q2

)
k. So,

p0

(
1 0
0 −1

)(
q1

q2

)
+ pl

(
0 il
−il 0

)(
χ

η

)
k = m

(
q1

q2

)
,

or

γµpµ
(

q1

q2

)
= m

(
q1

q2

)
,

whereγµ :H2→ H2, µ = 0, 1, 2, 3 are now defined by

γ0

(
q1

q2

)
=
(

1 0
0 −1

)(
q1

q2

)
, γ l

(
q1

q2

)
=
(

0 il
−il 0

)(
q1

q2

)
k,
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wherel = 1, 2, 3. This gives anotherGL(2,H) ·H∗-representation of the gamma
matrices (now standard-like), again to be compared with de Leo (2001).

2.4. Lagrangian Formulation

We now briefly discuss a Lagrangian formulation for the multivector Dirac
equations considered here. In terms of column spinors, the usual Lagrangian for
the Dirac theory is given byL = i

2(〈ψ̄ |γ µ∂µ|ψ〉 − ∂µ〈ψ̄ |γ µ|ψ〉)−m〈ψ̄ | ψ〉.
By employing the spinor maps from the Appendix, we obtain the corresponding
expression for operator spinors:

L = −〈9̃∂̆(9)σξ0〉0−m〈9̃9uξ0〉0, 9 ∈ Cl 0,

where we defineξ0 = ue0 if e0 ∈ Cl 0 andξ0 = e0 if e0 ∈ Cl 1 (note thatξ0 is always
α-odd). The equations of motion derived from the above Lagrangian are indeed
the multivector Dirac equation (15), as expected.

It is important to note that this derivation owes much of its simplicity to the
fact that we had already identified the spinor spaceCl 0 (which in turn determines
the modified Dirac operator̆∂) in Section 2.2.

3. BACK TO HESTENES’S FORM

In the previous section, we have obtained multivector Dirac equations corre-
sponding to different representations of the gamma matrices. These equations and
the spinor spaces associated to them are, in general, distinct from those obtained
in the context of the Dirac–Hestenes equation. Now we show that, by allowing ar-
bitraryZ-gradings for thevector spacestructure ofCl 1,3(R), we can always obtain
a multivector equation similar to the Dirac–Hestenes one, and with spinor space
isomorphic to the Pauli algebra. By an arbitraryZ-grading we mean one that is not
necessarily in the formCl 1,3(R) = ⊕4

k=03k(M), whereM ∼= R1,3 is the tangent
space of space-time at a given point.

Let {eµ} be an orthonormal basis ofM corresponding to some observer’s
reference frame. In Section 2.2, we showed that to representations{γµ} of the
gamma matrices there correspond different operatorial versions of the Dirac equa-
tion. To do that, we first defined theγµ-dependent representationρ : Cl 1,3(C)→
M(4,C), ρ(eµ) = γµ, and then transferred the Dirac equation to the ideal
Cl 1,3(C)P, whereP = ρ−1(P) andP is given by (4). After that we showed that
by taking a convenientZ2-gradingCl 1,3(R) = Cl 0⊕ Cl 1 we could obtain a corre-
sponding operatorial version of the Dirac equation in the algebraCl 0. As we have
already seen,P can be written as

P = 1

2
(1+ u)

1

2
(1+ iσ ),

whereu = S−1e0Sandσ = S−1e12S.
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Let {Eµ} be defined byEµ = S−1eµS. Of course,EµEν + EνEµ = 2gµν ,
i.e., {Eµ} is still anONS. However, in general, the elementsEµ are not vectorsin
M.13 As a matter of fact,Eµ can even have a nonzero imaginary part for certain
choices ofS. Let us define the reversion (·)R and parity (·)P operatorsrelative to
theONS {Eµ} by (Eµ)R = Eµ, extended toCl 1,3(C) as an anti-automorphism, and
(Eµ)P = −Eµ, extended toCl 1,3(C) as an automorphism. Of course, (·)R and (·)P

define aZ-grading for the underlying vector space structure ofCl 1,3(R) by

Cl 1,3(C) =
4⊕

k=0

Ck,

whereC0 = C (scalars),C1 = {a : aP = −a andaR = a}, C2 = {a : aP = a and
aR = −a}, C3 = {a : aP = −a andaR = −a}, andC4 = spanC{E0123}. Note that
C4 is the orthogonal space toC0 inside{a : aP = a andaR = a}.

Let ρ : Cl 1,3(C)→M(4,C) be the isomorphism defined byρ(Eµ) = γ st
µ .

Proceeding as in Section 2.2 but now withP = 1
2(1+ E0) 1

2(1+ i E12), i.e., with
u = E0 andσ = E12, we obtain the analogue of (13),

D8E12+m8 = 0,

where8 := 4 Re(ψ) andD := Eµ∂µ (note thatD is not the usual Dirac operator∂,
for Eµ is not a vector inM, µ = 0, 1, 2, 3). The aboveZ-grading for the underlying
vector space structureof Cl 1,3(R) induces aZ2-grading for thealgebra structure
of Cl 1,3(R) by

Cl 1,3(R) = Cl 0⊕ Cl 1,

where Cl 0 := ⊕k evenCk and Cl 1 := ⊕k oddCk. With respect to the notation in
Section 2.2, we can take nowα = (·)P and ∂̆ = D, resulting in the following
operatorial form of the Dirac equation:

D9E21 = m9E0, (21)

with 9 ∈ Cl 0 = C0⊕ C2⊕ C4 andD := Eµ∂µ. We see that (21) has the form of
the Dirac–Hestenes equation but with the difference that every quantity here is
conjugated to the corresponding Hestenes quantity by a similarity transformation.
For instance, the algebra of operator spinors isCl 0 = S−1Cl+1,3S, and thus it is al-
ways isomorphic toCl+1,3

∼=M(2,C) ∼= [Pauli algebra]. This should be compared
with our former examples.

13Note that the scalar product between elements of thisONS is given byg(Eµ, Eν ) = 〈ẼµEν〉0 =
〈S̃eµ S̃−1S−1eνS〉0 = 〈eµ(SS̃)−1eνSS̃〉0. When S∈ Spin+(1, 3) the mapeµ → S−1eµS is an
isometry inR1,3 and SS̃= 1 (Lounesto, 1996). Therefore, in this case we haveg(Eµ, Eν ) =
g(eµ, eν ) = gµν . However, in the more general setting of this section, this is false: we do have
EµEν + EνEµ = 2gµν , but in generalEµ 6∈ R1,3 andg(Eµ, Eν ) 6= gµν .
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As a consequence, the spinor9 ∈ Cl 0 still has a polar decomposition9 =√
%e

β

2 E0123R= S−1(
√
%ee0123R′)S, where R′ (and not R) covers a restricted

Lorentz transformation of the space-time. Also, we should not interpret the quan-
tity 9̃E09 as the current density as in the Hestenes approach. Now this current is
given by j = j µeµ = S( j µEµ)S−1.

Note that theONS {Eµ} does span a four-dimensional real vector spaceW :=
spanR{E0, E1, E2, E3}, on which we can define the metrich(x, y) = 1

2(xy+
yx), x,y ∈ W (in this expression, the productsxy and yx are just the Clifford
products inherited fromCl 1,3(C)). As a result,W is isometric toM and therefore
ClC(W) ∼= Cl 1,3(C). However, the real subspaceW is a combination of multivec-
tors of different gradesof M. Observe also that the polar decomposition for9

above gives9 = √%e
β

2 E0123R with R ∈ Spin+(W) = {a : aP = a andaRa = 1}.
Of course,Spin+(W) is the double cover of the restricted isometry groupSO+(W)
of W andSO+(W) ∼= L↑+ (as groups). Nevertheless,L↑+ andSO+(W) have very
different geometrical interpretations. In particular, the symmetry group of space-
time isL↑+, and notSO+(W).

Let us now consider only representations of the gamma matrices which give
real Eµ,14 µ = 0, 1, 2, 3. In this case,W is a vector subspace ofCl 1,3(R) isomet-
ric to M andClR(W) ∼= Cl 1,3(R) (note that the standard representation leads to
the strict equalityW =M). Therefore, as we have advanced in the Introduction,
different representations{γµ} determine different slicesW of the space-time alge-
braCl 1,3(R), each of them corresponding to a copy ofM. Thus, we are naturally
led to speculate about a possible connection between this work and Pezzaglia’s
polydimensional physics program (Pezzaglia, 1999).

APPENDIX: SPINOR MAPS

In this section, we elaborate on the correspondence between algebraic and
operator spinors. Letι : Cl 1,3(C)P→ Cl 0 be the map (14) relating algebraic spinors
to operator, spinors i.e.,ι(ψ) = 9 = 4π0(Re(ψ)). AlthoughCl 0 is a real algebra, it
has a natural complex structure15 J :9 7→ −9σ . It follows that, with this complex
structure,ι is acomplex isomorphism. To prove that, let us first exhibit an inverse
for ι.

As ψ = ψP1 (cf (11)), we have 2 Re(ψ) = (ψ + ψ∗) = ψP1+ ψ∗P2.
As u ∈ Cl 1 and σ ∈ Cl 0, we have α(P1) = P3 and α(P2) = P4. Thus
9 = 4π0(Re(ψ)) = ψP1+ ψ∗P2+ α(ψ)P3+ α(ψ∗)P4. After right-multiplying
by P1, we have (remember thatψ = ψP1)

ψ = 9P1, (22)

14This is equivalent to our assumption thatu andσ are real in (10).
15A complex structure on a vector spaceV is an endomorphismJ on V such thatJ2 = −1v.
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and henceι−1(9) = 9P1. Obviously, ι−1 preserves sums. Also,ι−1(J(9)) =
ι−1(−9σ ) = −9σ P1 = i9P1 = i ι−1(9) and thusι−1 and ι are complex iso-
morphisms, as claimed.

Let us now consider the operatorial version for the action of a matrixA on
|ψ〉. Applying the isomorphismρ of the last section and definingA = ρ−1(A), we
haveA|ψ〉 7→ Aψ at the algebraic spinorial level. After decomposingA in its real
and complex partsA = AR+ i AI , we haveAψ = ARψ − AIψσ . To go to the
operatorial level, we apply the aboveι to obtain

ι(ARψ) =
{

AR9, if AR ∈ Cl 0,
AR9u, if AR ∈ Cl 1,

(23)

with analogous expressions forAI . Indeed, if AR ∈ Cl 0, thenπ0(Re(ARψ)) =
π0(AR Re(ψ)) = ARπ0(Re(ψ)). Similarly, if AR ∈ Cl1, thenπ0(AR Re(ψ)) = π0

(AR Re(ψu)) = π0(AR Re(ψ)u) = ARπ0(Re(ψ))u, where we used the fact that
ψ = ψu.

In a more abstract level, we can use (23) to considerCl 0 as the representation
space ofCl 1,3(R). More precisely, one can define a representationev : Cl 1,3(R)→
Aut(Cl 0) as follows. Givenϕ ∈ Cl 1,3(R) and9 ∈ Cl 0, we decomposeϕ = ϕ0+ ϕ1

with ϕi ∈ Cl i and we define (Dimakis, 1989):

ev(ϕ)(9) = ϕ09 + ϕ19u.

We note that the “projected” Dirac operator∂̆ defined in the Section 2.2 can be
written simply as

∂̆ = ev(∂).

Let us now express the momentum operator in the operatorial formalism. For
column spinors, we havepµ[|ψ〉] = i ∂µ|ψ〉. Throughρ, we have for the algebraic
spinorψ : pµ[ψ ] = i ∂µψ = −∂µψσ . Then, by applyingι and remembering that
σ is α-even:

pµ[9] = −∂µ9σ. (24)

Finally, we consider the scalar product of spinors. If|θ〉 and|ψ〉 are column
spinors, the usual spinorial part of the scalar product is defined by〈θ | ψ〉 =
|θ〉†|ψ〉. Let2 and9 be the operator spinors corresponding toθ = ρ−1(|θ〉) and
ψ = ρ−1(|ψ〉). Then

〈θ |ψ〉 = 4〈2†9P〉0, (25)

where the dagger operation (·)† on Cl 1,3 was defined in the Introduction.16

To prove (25), we first note that the trace inM(4,C) is related to〈 〉0 in
Cl 1,3(C) by tr (ρ(ψ)) = 4〈ψ〉0, for expandingψ = a+ aµeµ + · · · , we have

16It is easily seen thatA† = e0 Ã∗e0 for A ∈ Cl 1,3(C), but this fact was not used in this paper.
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ρ(ψ) = aI + aµγµ + · · · ⇒ tr (ρ(ψ)) = 4a = 4〈ψ〉0. Then 〈θ |ψ〉 = tr (ρ(θ )†

ρ(ψ)) = 4〈θ†ψ〉0 = 4〈P†2†9P〉0 = 4〈2†9P〉0, where we substitutedθ = 2P,
ψ = 9P (from (22)) and we used the fact thatP† = P, which is easily seen by
the form ofρ(P) = P in (4).
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